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Abstract
Vヽe construct a ncld *R of hypcrreal numbcrs so that thc neld R of real numbers is
embcded as a subield or ttR  The sct ttR can bc regarded as a mctric Spacc containing the
sct tt as a discretc subsct and 、vc can gcneralizc this propcrty
l.  Introduction and preliminaries
ln the 1960s,Abraharn Robinson showcd that thc set R of rcai numbers can be
rcgardcd as a subset of a sct*R of hyperrcai numbers which contains inanitcly small
and large numbcrs  We can contend the sct*R is a metric spacc containing thc sCt
R as a discrcte subsct,  In the prcsent papcr、ve、vould like to gencralizc this propcrty.
We shall nrst state some fundamcntal propcrties on alters.  According to Comfort
and Negrcpontis[1],wC Shan givc the Following dcnnition
DEFINITrON l l  Lct rしbc an innnite set and 杉あi b  a flhcr on fi fOr cach
,=1,2)3,Wc dcnnc scts夕1・夕2,(夕1'72)・グ3,ク1夕2π3,and夕1(72.73)
as follows.
彰〆1名={И∈グ(rl×r2)|(ノl Gril{ノ2∈r2(ノ1,ノ2)∈И}∈ジЪ}∈杉πl),
(レ
〆1'シF2)・杉π3={И∈グ(rl×r2×f3)|((ノ1,ノ2)C rl×r21{ノ3∈f31
01,ノ2,ガ∈И}∈疑}∈夕1・名 ),
シ〆1・シT2・杉F3=(ИGグ(11×r2×f3)|(ノ1∈rll{ノ2Cr21(ノ3Cr31
●1,ノ2,1/31∈И}∈姦 }∈ら}Gジπl),
シπl(夕2・彰π3)=(差夕(rl×r2×f3)|(ノ1∈rll{(ノ2,ノ3)∈r2×J31
●1,ノ2,ガ∈И}∈島・為}∈グ1)・
Wc iHHncdiatcly havc thc following proposition.
PROPOSITION l,2 (1.1) グ 1・ テ札 な ,ガ′rgr θη rl×r2
(1.2)(夕1・夕2)π3,テ1・π273 and夕1。(72・グ3)αrど ′′ど?′d οη rl×r2×r3'η″
I′? //Pαυ?
(夕1名)・姦 =グ1・ら '姦=グ1'(ろ`姦)
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Thc following pFOpO鋭:やュ Waは、8iY9學i4[3]f iドー .´
PRoPOSITION l.3.L?Fグ1,ηプ72うθタカ及ゲ〃rfr・∫ο″ 1l αη″ r2F9ゞp?ど肋 fFJJ. T/7Pμ
夕1・フもね
'カ
タFrrfr/′ど♂μθ″rl×r2'     ‐
PROPOSIT10N l.4, Lどrし密1 ,狩′ グ五 う?タカイヮγどダ∫ ο「T rl ″τプ 12 r?ψどじど′υθrJ7,9狩rF
舵rグl οr π 2うど'力″ (ω
工滋ω η 力r?)ガ″rrF′どをT,r力P71夕1・72なα力空 ″′rrげrr?rθ
“rl X r2.
In order to prove Proposition it wc uSe a lemlflta.
LEMⅢCA l.5.・L)夕1‐解 ブ 72ろ?ガカθtt θtt rlメPηがr2″IFp9どr'υθ炒.助 ?みWθ力αυ?
すル yダん″″ヶ●   :       ‐‐ナ ~                     i
(1.3)       とθr χlC夕lr//J″ズ2c72,ど力θηズ1×ズ2∈グ1'第2・
(1.4)      と,Xl.⊂riη?′x2耳r2''ηみ力ιメ1←グl θrィ2牛タチ
肋ど降ズIx:/1二|←グ1`ぞ2・ ′  i ― l i  .■■ォ ‐   i  .
:|!中Pr:Ⅲ 3ご中 ■ ｀.lit,|lt 3■a:輩Ⅲ I,科|。|,?
乱 thTI拌Ⅲ Ⅲ
suCh that И,∈多l fOr cachヵとN and ∩ Иヱ牛グ 1っi Whero NIIs tne sOt of學11〔positivc
intogcrs.   : | =   ―    : :     . I=l  Ⅲ      ‐ ‐        .
Usittg L£mma l.5,wc havc И.x12∈´l lr空ォfor oach乃∈Ⅳ,Si40C 、 オ
' .∩(X'×rち)生(∩И,)派rぢ:and:パИ‖牛彦1,    f.   ―  ,=1           ■=1             ■‐1    ●      f
we havc
(∩ オDホI.生フア1'ソLi
“
=1
Thcrcforeど71・彰T21S a freC,ltranit釘.  
―                   Q.E,D.
Let K bc a noncmpty sct and
,(ノlj…すノかぅb01,・i)ノ″)と …Π   k・
(ノ1, …,y激)cri x   xr,=
wc denne a■lation R1/t),by
'(ノ
1,中` ,ノ.)R1/tlb(ジ1,…1,ノ“
),if and Only if
i{(/1ダいぅノT)C rlホi.メrTlα(ノⅢ…ちガ=つψl,中,九)}C島・フL…島・・ ―
Thc reladom R(玲)is an cqllivalence relatねnt
We would likc to usc a llotation
Π  K/ら,あ…ろ
,     (,1, ・,D・・I)ξri x…・挙1■         .
0■Scts of Hbrpcrttal N,moors
in ordor to cxprc8s thc quoticnt spacc`:   l      i  !  !      !        !  | !
Π ・|だ,貴(あ,‐    ‐  :
01,・',y・tl)cri x l・・xr..
The quotiettt c堆ぃS dotermineo,y a function ,(ノ1-,・ ?ノ″)Will‐bC denoted by
[α1/1,…,ノ
“
)]・
THEOREM l.6.勁?ジし〃θ147肋♂jら′/ヵ"rrtなυα力江
Π(HK/九ング1= Π .k/島,Ъ:
ノlCrt  y2CJ2                  (ノ■,y2)fri X r,
PROOF. If
…         002))(ノ1)∈,H(Πk ,         i
'lCr' '2Cr'
thcla―vc can contcnd                                            .
la‐lガ)01)∈ ll .K,, 「 、
ψ■,ν2)erI X r2
alld wo wtttc
('(ツ2))υl)=,(ノ1,2),     1
WO immcdiatdy have ths ttЫt by cお116帯i五乞色炭,‐
I    
・
Lct                                    、 Ⅲ   !                                                 「
[[う(ノ2)]lyl)]i[[b(ノ)](ノ1)]∈Π(ΠK/彰F2)/rЪ,
ツlff l ,2ξr2
thcn wc havc                                                 ィ
[[あ(力)](メ1)]〒[Eb(ノ2)](ノ1)]                  (
◆(ノl Crilレυ二)](ノ1)=[b(ノ2)]υl)}C71           :
⇔(ノl Crl{ノ2Cr210●))01)=(3υ))●D}∈ら}∈疑
⇔{(ノ1,ノ2)∈rl×r21α(ツ1,メぢ)=b(〉1,ノ,)}∈グ1,多L・    Q・E.D,
COROLLARY l.7.Trtゼデ′テο″力9カ′胸タカ な り,力拡
Π(Π(…・(ΠK/る)―・)/ンちソフ1=(1,.,,,SkiXll下/フ曳…ν#
'ICri  
ノ2trf2     3jllCrPl            .
2: On sets of hyperreai nh?beぉ   .
Now wc shall givc thtt follδwing dan4ition,
DEFINITION 2.1, Let R十=(―ノ∈RIノ>0}and lCt F〒{(9,ノ)|ノ∈R+},Tれen F
htt tho allitc itlltcぃc uo4 prOpertyI We shall dttЮtc by夕Onc Of thO ultFanl“rs
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COntai4ねgF,The nltorと羅 is a fFCC t1ltraniteF.
Wc Sha1l use the fol10wing l■OtatiOnst
夕1=夕and夕・ 砕=夕″+l for稔∈N)
lR十)1=R+and Rtt x(R+)“=lR十)■+l for ttGN,
°*R=R,1*R=キR=ΠR/夕ぅand
ノlCR+
・*R=  Π  R/71…ろ foF猾∈N.
(31i. ■ン“
)`(4+)“
Wc immcdiatcly have thc following ttcOFCm`
TttEOREM 2.2. “*R=*伴
~1'*R)ぅ
乃′猾∈戸 .
И々 ゼル″?乃′り
↑肋♂ ∫
"″
*Rなどα′拷′,彎perκ
"狩
ク駒うθr,7カθ dθr″*RなれpFカ
肋rθ,f9印糊 筋 ヵ?θr力rゼプ″ 蒻 ″ 汀ヴ カ″ク r力ど ,冨″′r,っ4,どル dクbrttrど",r/7ウ′θ激 ど,チカθ ククο′ル/Pr α/T′ J/Tじ θ′あθr ′狩 r力¢ ″]靴′ vaッ.
wc donnO absolute valuc ila打*R as follow説―
DEHNITЮN 2.3. If x=[ぇ(ノ1,・・・メン■)]ぎ*R,thon
l〆|と[IX(ノ1,…・,7fl)ほ・
WS havc thc Follo、ving theorem immediately.
T■EOREM 2,4.力*R ris,麗?″た Isp。じど ″″カ ロ
"wを
9′ μ?″た
デlX,ノ)=|ノーXI  ズγχ,ノぎ*R・
DEFINITION 2.5 11nanitcsimal).We shall say that ε=E8υl,…,ノr)]ぎ*R iS
inanitcsimal or ininitcsimal small if for cvcFy δc R+wc have
O・1)      ((ン1ガ ,ーノ″)C(R十)'lε(ノ1ガ…,メか|<δ}Cグ.
Whcn c and δsatistt condition 12■),wc witC lεl<δ.
PROPOSITION 2,6. Ij♂r δcR+ r79がι=[ε(νl,―・,ノ″)]C・IR,r力?η IIぞ力αυθ
{(ン1,―・・ν,)∈(R+)'|13(ノ)・市,う|<δ}∈彰戸房
⇔ ()lcR十1{(ノ2,中●,/PI)∈(R十)“
ュ
|IE(ノ1,中ちノ″)|<δ}∈プ訂
~1)Cグ
⇔ {ノlCR十1{ノ2CR十1((ノa)・…,ノ西)C(R十/-2,|む(ノ1,中|ぅノ″)|<δ}∈フ煎
~2)∈
フ=}∈夕 }
く 多 ・
―
・ ・
⇔ {ノlCR十1(ノ2CR十1…{/PIC R+|lε(ノ1,…ッ
')|<δ
}∈多 … }C夕}∈タ
◆{(ノ1,ノ2)C(R+)21((ノ3,~ち光)C(R+)'211む(ノ1,…‐ぅ元)|<δ}∈グ'2)Cπ2
◆ ・ ・・
⇔ {(ノ1,…,7fI_DC(R+)4~11{ノ打∈R十11ど(ノ1,中ちメ")|<δ}C夕}C夕'上
O―n Scts Or nypelr∝I Numbers
The proor is casy,and wc omit it,
PROPOSITION 2,7.Lgr ‐ε=[。(ノ
“
)]∈*RI IIFTデlδ C R・ Pんた沈 出″′
" o 
ど。々 流をお■
(ノ4∈Rキ|lε(ノ.)|<δ}∈ ・´ T/f9程―″?力α9?
((ノⅢ…〕ノテ)CCR十)打|lε(元)|<δ}∈グ〕.
PROOF.Lct И =(ノヵCR十11じ(ノ,)|<δ}ぅ hOn И∈グ ,Sincc
t(ノ1,,―・,ノ“)∈(尺
十
)■Hc(ノ〕|<δ}=(R+)И~lЖユタ
(R十)れ
-l c ttπ″~l and И∈彰π;
wc have
{(ノ1,‐,/ft)C(R+)"|IE(ノヵ <0}∈多V~1・π =7“.    Q,E,D:
Lot α,χ,8.ぎ*R and ε>0, lⅣc dcinc a set y修,B)by
y(αュ0=(χC“主RIlχ―碗|<ε}.
PRoPosITloN 2,8,L?′α =―[,(ノ1,…Ⅲ,yII_1)],X=[メ● 1,…',ヵ_1)]C倣
~1)*Rr距
∬ ″r
e=[ε(/fr)]う9α″90ォカ9,″初,燃,加αら力g/P
1/(ら81={α).
PROOF.Lot,|≠X,alld let
】 =((ノ1ガ・・,男,-1)C(黒
+)“ III斉
(ノ1,…,/11と1)一α(ノ1,…,/11-1)|>0}
then we have B∈彰π“
~よ
.
Sincc
{(ノ1,…,ノヵ=1)CIR十′
11{ン
,∈R十11.(ノ1,…,ノヵ i)一α(ノ1,…i,ノ刀~1)|>aψ薄)}∈夕 }⊃B,
vc havc
{1/1,一っν∂ ∈ (R十)胸|lx(ノ1,…ュ九 _1)一
'(ノ
1,…,7JI-1)|>ε(ノ凛)}ξ´ “ュ
whiёh shows lχ―α >ε.
Cとoarly wc have y(乳0つα.Hen∝wc havc
」(αiけ=(α},              Q・E`D.
USing PFopOsition 2.8 vc havc hc following thcolcm.
THEOREM 219.И vtJrrデθψ,俺。~ll■Rね,滋♂″すθ ttιψ,ど?0〆α″″rrブιψ,確И*R,ヵrθ乾り ηCN.
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